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= total concentration, gm.-moles/cc. 
= bulk diffusivity of substance A in substance B, 

= Knudsen dsusivity of substance A, sq.cm./sec. 
= molar diffusion rate of substance A, gm.-moles/ 

= total of length of given size subpore within a 

= l I / l I I .  dimensionless 
= number of cells in a single pore assembly, dimen- 

sionless 
= number of pore assemblies within the porous pel- 

let, dimensionless 
= radius of pore, cm. 
= r I / r I l ,  dimensionless 
= mole fraction of substance A, dimensionless 
= 1 + (ratio of molar rates of diffusing substances), 

= constriction factor-contribution of pore constric- 

= property of pore of radius rI 
= property of pore of radius rII 
= bulk diffusion completely controlling 
= Knudsen flow completely controlling 

sq.cm./sec. 

sec. 

single pore assembly, cm. 

dimensionless 

tions to tortuosity factor, dimensionless 

bbtaining pore-size distributions is used 

tribution is used 
, = predicted in situation where true pore-size dis- 
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Bimodal Wave Formation on Thin Liquid Films Flowing down a Plane 
WILLIAM B. KRANTZ 

University of Colorado, Boulder, Colorado 

and SIMON L. GOREN 
University of California, Berkeley, California 

In a recent paper Krantz and Goren ( 8 )  presented the 
first measurements of wave lengths, wave velocities, and 
amplification rates of waves on thin liquid films flowing 
down an inclined plane, resulting from imposed disturb- 
ances of controlled amplitude and frequency. In a second 
paper the authors (9) presented measurements of equi- 
librium wave amplitudes for viscous oils and compared 
these data to a new theory describing finite-amplitude, 
two-dimensional, equilibrium waves on thin films flowing 
down an inclined plane. 

This note describes the formation of “bimodal waves” on 
thin liquid films flowing down an inclined plane. A “bi- 
modal wave” consists of a fundamental wave and a second 
superimposed distinct wave having the first harmonic fre- 
quency of the fundamental wave. In general these compo- 
nent waves of the bimodal wave have different wave 
velocities and amplification rates and thus are observed to 
pass each other and change form as they travel down the 
column. Such waves also were reported by Tailby and 
Portalski (12) ,  Jones (5), and Hallett ( 4 )  in their studies 
of thin liquid films subject to room disturbances. I t  is im- 
portant to note that bimodal waves do not imply a Fourier 
decomposition of a nonsinusoidal wave form. Bimodal 
waves refer to two distinct wave forms traveling down 
the column with distinct wave velocities. 

LINEAR STABILITY THEORY 

Attempts to describe the formation and growth of waves 
on thin liquid films can be broadly classified into Enear 
and nonlinear stability theories (7 to 9 ) .  Investigations 

into the theory of linear stability are based on the assump- 
tion that infinitesimally small disturbances are superim- 
posed on the laminar film flow. The theory has been 
developed in an effort to understand the mechanism and 
conditions necessary for transition away from unrippled 
laminar film flow and, as such, can predict only exponen- 
tial growth or decay of infinitesimal disturbances. 

The next step in the understanding of the transition 
away from unrippled laminar film flow is the consideration 
of disturbances which have grown too large to be gov- 
erned by a theory of infinitesimal disturbances. In order 
to predict the behavior of these larger amplitude disturb- 
ances and to understand the physical processes which must 
occur to slow down the exponential growth it is necessary 
to consider the nonlinear terms in the equations of motion. 

One conclusion which can be drawn from the linear 
stability theory of thin films flowing down a plane is that 
the flow becomes unstable at very small Reynolds num- 
bers; vertical film flow is always unstable. Hence, at these 
small Reynolds numbers viscous forces are of comparable 
magnitude to gravity and inertia forces. Very few theories 
of finite amplitude waves have appeared which consider 
viscous effects based on rigorous hydrodynamics. 

NONLINEAR STABILITY THEORY 

With the exception of the equilibrium wave amplitude 
correlation developed by Krantz and Goren (9), a11 the 
nonlinear theories, which include both viscous terns and 
surface tension (1, 3, 6, 10, l l ) ,  consider only small 
amplitude waves. These theories thus are restricted to 
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Fig. 1. Wave traces tor bimodal waves: N R ~  = 0.92, Nra = 9.4. 
@ = 74.5 deg., a = 0.12. 

describing nearly sinusoidal waves because including terms 
other than the first term in the Fourier integral representa- 
tion of the wave will introduce higher order terms in the 
wave amplitude. Thus the nonlinear effects being consid- 
ered by most theories are the finite dissipation of energy 
by the waves and the drain of energy from the mean flow 
by the growing waves; the nonlinear inertial transfer of 
disturbance energy is not considered. Neglecting this non- 
linear effect precludes the possibility of predicting the 
appearance and behavior of bimodal waves. 

Several nonlinear stability theories (1, 6, 11) predict 
that the transition away from unrippled laminar film flow 
will lead to a second laminar flow consisting of two- 
dimensional waves at  their equilibrium amplitude. This 
equilibrium amplitude corresponds to an exact balance be- 
tween the rate at which the waves extract energy from the 
mean flow and the rate at which they dissipate energy. Of 
course, this second equilibrium amplitude laminar flow 
may in turn be hydrodynamically unstable. However, no 
stability analysis has been attempted for the equilibrium 
amplitude wave flow. 

The observation of bimodal waves is of significance in 
that they represent the first step by which an unstable flow 
can build up a nearly continuous spectrum of superim- 
posed two-dimensional disturbances from some fundamen- 
tal disturbance (which usually is the most highly amplified 
wave for that flow). Whether or not this build-up of a 
spectrum of superimposed waves will occur depends on 
the hydrodynamic stability of the equilibrium amplitude 
flow of the fundamental wave. Neither the occurrence of 
bimodal waves nor the stability of the equilibrium ampli- 
tude flow of the fundamental wave has been considered 
in the nonlinear wave theories developed to date. Thus the 
results described here indicate areas wherein our research 
effort on thin liquid films should be directed. 

EXPERIMENTAL DESIGN 

The apparatus and experimental procedure have been de- 

scribed elsewhere (7, 8). Briefly, a plane wetted-wall column 
was used. Waves of controlled amplitude and fre uency were 
imposed on the flow by a thin wire inserted into i e  flow and 
vibrated normally to the flow surface. Wave amplitudes were 
measured by a light extinction technique with a photoconduc- 
tive cell. The fluids used were Chevron No. 5 while oil ( Y  = 
0.499 poise, p = 0.853 g./cc., r = 29.5 dynes/cm. at 25.C.) 
and Chevron No. 15 white oil ( Y  = 1.46 poise, p = 0.868 
g./cc., = 30.8 dynes/cm. at 25°C.). 

The fluctuating resistance of the photoconductive cell was 
converted into a voltage signal and displayed on one channel 
of a dual-channel recorder; the second channel displayed the 
velocity transducer feedback from the vibration generator used 
to impress the disturbance on the flow. With the extinction 
coefficient of the dyed oil known, the wave amplitude and fre- 
quency were determined from the recorder traces. Wave 
velocities were obtained by visually following a wave crest and 
timing its passage between two points separated by a known 
distance. Alternately the wave velocity could be obtained by 
observing the Lissajous figures produced on an oscilloscope 
when the input to the vibration generator was plotted against 
the measured wave form signal. 

RESULTS AND DISCUSSION 

Figure 1 gives wave patterns obtained for a 3.0 cps. 
imposed vibration at Reynolds number, N R e  = 0.92, sur- 
face tension parameter, N ,  = 9.4, column angle, fl  = 
74.5 deg., wave number, (Y = 0.12, and film thickness, ho 
= 0.10 cm. Panel ( a )  shows the feedback from the velocity 
transducer. The traces have been arranged so that the 
signals are synchronous because the origin for each has 
been chosen at the same phase point of the input disturb- 
ance; that is, each trace begins at the same instant in time. 
In panel (b), 7 in. downstream from the vibration gen- 
erator, the fundamental wave has an amplitude of 0.018 
cm. and a frequency of 3.0 cps. A small secondary wave is 
seen emerging from the trailing edge of the fundamental 
wave. Growth of the fundamental and secondary waves is 
shown in subsequent panels. (Note that the amplitude 
scale is not the same for all panels.) 

One significant observation in the studies of Krantz and 
Goren (8) on the growth or decay of unimodal two- 
dimensional waves was that the wave length and velocity 
remained constant with distance downstream even when 
the wave amplitude approached the equilibrium amplitude. 
Hence, linear stability theory dan predict the wave length 
and velocity of both infinitesimal and finite amplitude uni- 
modal waves. One might hope that it could do equally 
well for the component waves of the bimodal waves. 

The expe 'mentally determined wave velocities of 16.7 
cm./sec. fo the 3.0 cps. fundamental and 15.2 cm./sec. 
for the 6.0 f cps. secondary wave compare favorably with 
the 16.3 cm./sec. and 15.5 cm./sec. predicted by the 
modified Orr-Sommerfeld equation of Anshus and Goren 
( 2 ) ,  assuming that each wave grows independently ac- 
cording to linear stability theory. This close agreement 
with the predictions of linear stability theory is quite in- 
teresting in view of the fact that the secondary wave arises 
from the nonlinear inertia terms in the equations of motion. 

At 20 in. from the disturbance generator, the secondary 
wave attained an amplitude nearly equal to that of the 
fundamental. Somewhere between 20 and 21 in. [panel 
(i)], the fundamental wave finally caught up to the 
secondary wave immediately in front of it. Surprisingly, 
the secondary wave which was seen emerging from the 
trailing edge of the fundamental at the next column 
position [panel ( j ) ]  was considerably reduced in ampli- 
tude. At this position the fundamental wave had reached 
its two-dimensional equilibrium amplitude, A = 0.17 cm. 
The apparent splitting of the fundamental peak in panel 
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( j )  is a distortion of the true wave profile due to refraction 
of the light beam. This refraction effect was slightly 
noticeable already in panel (g). However, it should not 
affect the determination of the wave amplitude, for no 
refraction occurs at wave peaks or troughs. As the waves 
progressed further down the column, the amplitude of 
the fundamental waves remained essentially constant 
whereas the secondary wave ultimately completely decayed 
away. It thus appears that the two-dimensional equilib- 
rium amplitude flow for a 3.0 cps. wave is stable with 
respect to the secondary wave, even though the original 
unrippled laminar flow was found to be unstable when 
subjected to a 6.0 cps. vibration. 

No secondary waves were observed for impressed fun- 
damental waves of higher frequency for these flow condi- 
tions. However, when lower frequency fundamental waves 
were impressed upon the flow, multiple frequency sec- 
ondary waves were observed. These secondary waves 
appeared to have frequencies which were integral multi- 
ples of that of the impressed fundamental wave. The 
ability to observe bimodal waves was quite dependent on 
the amplitude of the impressed fundamental wave. Given 
a low enough frequency, bimodal waves were more likely 
to occur for larger amplitudes of the impressed fundamen- 
tal wave. 

That the equilibrium amplitude flow was stable with re- 
spect to the secondary wave generated by the flow was 
not always the case. The ultimate nature of the flow at 
the downstream end of the column depended on the par- 
ticular flow conditions and the amplitude and frequency 
of the fundamental wave being impressed on the flow. 
More often than not, the flow became unstable with re- 
spect to three-dimensional disturbances and a completely 
chaotic pattern of waves resulted. 

The appearance of the bimodal waves on the column 
suggested an experiment wherein multiple frequency 
waves were impressed on the flow. With separate control 
of the amplitude and frequency of each disturbance, nearly 
any combination of waves could be studied subject to the 
same limitations as were encountered with single wave 
generation. These studies were not restricted to having one 
frequency an integral multiple of the other. Wave forms 
similar to those obtained for bimodal wave generation 
could be observed when an unstable wave and its first 
harmonic were simultaneously impressed on the flow. 

Observations on the occurrence of bimodal waves are 
summarized in Figure 2. This is a typical amplification 
curve predicted by linear stability theory for an unstable 
flow showing the amplification factor ( Y C ~  as a function of 
wave number a. The linear stability theory development 
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Fig. 2. A typical amplification curve. 

leading to the amplification factor predictions is discussed 
elsewhere (2, 7, 8). A positive amplification factor cor- 
responds to an unstable wave whereas a negative amplifi- 

‘cation factor corresponds to a stable wave. If the first 
harmonic of the impressed fundamental is much more 
highly amplified than the fundamental, then only the first 
harmonic is observed. If the fundamental and its first 
harmonic have comparable amplification rates, both waves 
(bimodal waves) typical of those shown in Figure 1 would 
be observed. If the first harmonic is a stable wave, then 
only the fundamental would be observed. 

CONCLUSIONS 

Bimodal waves were observed on low Reynolds number 
film %ow when the first harmonic of the unstable wave 
being impressed on the flow was an unstable wave of 
comparable growth rate. The bimodal wave was composed 
of two waves whose wave number and wave velocity 
were predicted quite well by linear stability theory. The 
equilibrium amplitude flow of the unstable wave which 
was impressed on the flow appeared under certain flow 
conditions to be stable with respect to the wave number 
of the secondary wave composing the bimodal wave. That 
is, the secondary wave ultimately decayed away once the 
fundamental wave reached its two-dimensional equilibrium 
amplitude. 
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NOTATION 

= wave amplitude, one-half peak-to-peak 
= imaginary part of complex dimensionless wave 

= acceleration of gravity 
= mean film thickness 
= streamwise distance from point of wave incpetion 
= &/v, Reynolds number 

= mean velocity 
= 2~ho/A, wave number 
= angle of column to horizontal 
= wave length 
= kinematic viscosity 
= density 
= interfacial tension 

velocity 

- 
= ,3t13/pg“3 v4/3 
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